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Èäåíòè�èêàöèÿ ñèñòåì

Èäåíòè�èêàöèÿ � ïîëó÷åíèå ìàòåìàòè÷åñêîãî îïèñàíèÿ èëè ìîäåëè

îáúåêòà óïðàâëåíèÿ.

Ìîäåëü íå ÿâëÿåòñÿ îïèñàíèåì, à èìèòèðóåò ñóùåñòâåííûå

ñâîéñòâà ðåàëüíîãî îáúåêòà.

Â çàâèñèìîñòè îò òèïà îáúåêòà � ðàçëè÷íûå ìåòîäû

èäåíòè�èêàöèè (äëÿ ëèíåéíûõ è íåëèíåéíûõ, äèñêðåòíûõ è

íåïðåðûâíûõ, ñòàöèîíàðíûõ è íåñòàöèîíàðíûõ).

Ñòðóêòóðíàÿ èäåíòè�èêàöèÿ � îïðåäåëÿåòñÿ ñòðóêòóðà ìîäåëè:

âûäåëåíèå ìîäåëè, âõîäîâ, âûõîäîâ, èõ âçàèìíîå âëèÿíèå.

Àíàëèòè÷åñêîå ñîñòàâëåíèå ìîäåëè.

Ïàðàìåòðè÷åñêàÿ èäåíòè�èêàöèÿ � îïðåäåëÿþòñÿ çíà÷åíèÿ

ïàðàìåòðîâ ìîäåëè ñ èçâåñòíîé
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Ìåòîäû èäåíòè�èêàöèè

Àêòèâíûå (ìîæíî ïîäàâàòü íà âõîä îáúåêòà òåñòîâûå ñèãíàëû) è

ïàññèâíûå.

Äåòåðìèíèðîâàííûå è ñòàòèñòè÷åñêèå (ó÷èòûâàþò íàëè÷èå

øóìà).

Îïåðàòèâíûå (èäåíòè�èêàöèÿ ïðîõîäèò �íàëåòó�) è

ðåòðîñïåêòèâíûå.
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Îáùèé àëãîðèòì èäåíòè�èêàöèè

1

Êîíñòðóèðîâàíèå ìîäåëè:

1

Ïëàíèðîâàíèå ýêñïåðèìåíòà è ïîëó÷åíèå äàííûõ: äàííûå äëÿ

èäåíòè�èêàöèè è âåðè�èêàöèè.

2

Âûáîð ìíîæåñòâà ìîäåëåé.

3

Âûáîð êðèòåðèÿ ñîãëàñèÿ.

2

�àñ÷åò ìîäåëè: îïòèìèçàöèÿ çíà÷åíèÿ êðèòåðèÿ íà ìíîæåñòâå

ìîäåëåé â ñîîòâåòñòâèè ïîëó÷åííûìè äàííûìè.

3

Ïîäòâåðæäåíèå (âåðè�èêàöèÿ) ìîäåëè: ïðîâåðêà ìîäåëè íà

ýêñïåðèìåíòàëüíûõ äàííûõ.

Îáû÷íî äëÿ âåðè�èêàöèè îñòàâëÿþò ïðèìåðíî 1/3 äàííûõ, ïîëó÷åííûõ ïðè

ýêñïåðèìåíòå.

Åñëè ðåçóëüòàò âåðè�èêàöèè íåóäîâëåòâîðèòåëüíûé � âîçâðàò ê íà÷àëó.
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Ìîäåëü èäåíòè�èöèðóåìîãî îáúåêòà

y(t) =

∫

+∞

0

gc (τ)u(t − τ) dτ

Äèñêðåòíîå âðåìÿ tk = kT , T � âûáîðî÷íûé èíòåðâàë:

u(t) = uk , ïðè kT ≤ t ≤ (k + 1)T ,

y [lT ] =

∞
∑

i=1

g [iT ]u[(l − i)T ], ãäå g(t)
def
=

∫ t+T

t

gc (τ) dτ.

Ââîäèì îïåðàòîð îïåðåæåíèÿ Eu(t) = u(t + T ),

y [lT ] =

(

∞
∑

k=1

g [kT ]E−k

)

u[lT ],

y [lT ] = G (E )u[lT ], ãäå G (E )
def
=

∞
∑

k=1

g [kT ]E−k .
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Ìîäåëü èäåíòè�èöèðóåìîãî îáúåêòà

y [lT ] = G (E )u[lT ], ãäå G (E )
def
=

∞
∑

k=1

g [kT ]E−k .

Ïåðåõîäèì ê Z -èçîáðàæåíèÿì:

Y (z) = G (z)U(z), ãäå G (z)
def
=

∞
∑

k=1

g [kT ]z−k .

Îáúåêò íàçûâàåòñÿ óñòîé÷èâûì (ñòðîãî óñòîé÷èâûì), åñëè

∞
∑

k=1

g [kT ] < ∞
(

∞
∑

k=1

kg [kT ] < ∞
)

.

Óòâåðæäåíèå

Åñëè ïåðåäàòî÷íàÿ �óíêöèÿ G (z) äðîáíî-ðàöèîíàëüíàÿ è

àñèìïòîòè÷åñêè óñòîé÷èâà, òî îáúåêò ñòðîãî óñòîé÷èâ.
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Ìîäåëü ïîìåõè

y [lT ] = G (E )u[lT ] + v [lT ],

ãäå v [lT ] � ïîìåõà.

Øóì íàáëþäåíèÿ. Äàò÷èêè-èçìåðèòåëè ñèãíàëîâ ïîäâåðæåíû

âëèÿíèþ øóìà è äðåé�à.

Íåêîíòðîëèðóåìûå âõîäû. Â ñèñòåìå åñòü íå èçìåðÿåìûå âõîäíûå

ñèãíàëû.

v [lT ] =

∞
∑

k=0

h[kT ]e[(l − k)T ],

ãäå e[kT ] � áåëûé øóì, ò.å. ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí:

âçàèìíî íåçàâèñèìûõ,

èìåþùèõ îäèíàêîâîå ðàñïðåäåëåíèå.

y [lT ] = G (E )u[lT ] + H(E )e[lT ].
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Ïðåäñòàâëåíèÿ î ñëó÷àéíûõ ïðîöåññàõ

Ñëó÷àéíûé ïðîöåññ s(·) � ïîñëåäîâàòåëüíîñòü ñ.â. s(t),
t = 1, 2, . . .

Ìàòåìàòè÷åñêîå îæèäàíèå: ms(t) = E s(t).

Äèñïåðñèÿ: E (s(t)−ms(t))
2
.

Êîâàðèàöèîííûå �óíêöèè:

Rs(t1, t2)
def
= E s(t1)s(t2), Rws(t1, t2)

def
= E w(t1)s(t2).

Óïðàæíåíèå: Ïóñòü

v(t) =

∞
∑

k=0

h(t)e(t − k),

ãäå e(t) � áåëûé øóì, ñ ðàñïðåäåëåíèåì N(0, λ), äîêàçàòü

mv(t) = E v(t) = 0,

Rv(t, t − τ) = λ

∞
∑

k=0

h(k)h(k − τ) = Rv (τ).
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Ñïåêòð ñëó÷àéíûõ ïðîöåññîâ

Ñòàöèîíàðíûé ñëó÷àéíûé ïðîöåññ s(t):
1 E s(t) = ms = const,
2 Rs(t, t − τ) = Rs(τ).

Êâàçèñòàöèîíàðíûé ñëó÷àéíûé ïðîöåññ s(t):
1 E s(t) = ms(t), |ms(t)| ≤ C ,
2 |Rs(t, t − τ)| ≤ C , limN→∞

1

N

∑

∞

t=1
Rs(t, t − τ) = R̄s(τ).

Ñïåêòð ñèãíàëà è âçàèìíûé ñïåêòð ñèãíàëîâ:

Φs(ω) =

∞
∑

τ=−∞

Rs(τ)e
−jωτ ,Φsw (ω) =

∞
∑

τ=−∞

Rsw (τ)e
−jωτ ,

ãäå ñèãíàëû s(t) è w(s) êâàçèñòàöèîíàðíûå.

Óïðàæíåíèå: Ïóñòü v(t) = H(E )e(t), e(t) � áåëûé øóì ñ äèñïåðñèåé λ,

äîêàçàòü Φv (ω) = λ|H(jω)|2.

Òåîðåìà

Ïóñòü v(t) = H(E )e(t), H(E ) � óñòîé÷èâ, e(t) � êâàçèñòàöèîíàðíûé,

òîãäà Φv(ω) = |H(e jω)|2Φe(ω), Φve(ω) = H(e jω)Φe(ω).
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Ïåðèîäîãðàììà

�àññìîòðèì ñèãíàë s[lT ] íà îòðåçêå l = 1,N .
Ïåðèîäîãðàììà: ÄÏÔ îò s[lT ] íà l = 1,N

SN(ω) =
1√
N

N
∑

k=1

s[kT ]e−jωkT ,

îïðåäåëåíà äëÿ ÷àñòîò ω = 2πk
NT

, ãäå k = 1,N .

Òåîðåìà

Ïóñòü y [lT ] = G (E )u[lT ], G (E ) � ñòðîãî óñòîé÷èâà, |u[lT ]| ≤ Cu,

òîãäà

YN(ω) = G (e jω)UN(ω) + RN(ω), ãäå |RN(ω)| ≤ 2Cu ·
Cg√
N
,

ïðè÷åì, åñëè ñèãíàë èìååò ïåðèîä NT , òî RN(ω) = 0.
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Ýðãîäè÷åñêèå ñâîéñòâà

Ñâÿçü ìåæäó õàðàêòåðèñòèêàìè ñ.ï. è èõ ðåàëèçàöèåé

Ïóñòü y(t), u(t) � êâàçèñòàöèîíàðíûå ñ.ï.,

yN(t), uN(t) � èõ ðåàëèçàöèè íà îòðåçêå t = 1,N .

Ïðè îïðåäåëåííûõ óñëîâèÿõ:

Â ÷àñòîòíîé îáëàñòè

E |YN(ω)|2 ñëàáî ñõîäèòñÿ ê Φy (ω)
1.

Âî âðåìåííîé îáëàñòè

R̂N
u (τ) =

1

N

N
∑

t=1

u(t)u(t − τ) ñõîäèòñÿ ê Ru(τ),

R̂N
yu(τ) =

1

N

N
∑

t=τ

y(t)u(t − τ) ñõîäèòñÿ ê Ryu(τ).

1

îòíîñèòåëüíî ìíîæåñòâî òåñòîâûõ �óíêöèé ñ îãðàíè÷åííîé ñóììîé

êîý��èöèåíòîâ Ôóðüå.
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Èñïîëüçîâàíèå ìîäåëè îáúåêòà

Ïîëó÷åííàÿ ìîäåëü îáúåêòà (ïðîöåññà) ìîæåò áûòü èñïîëüçîâàíà äëÿ

ðåøåíèÿ ñëåäóþùèõ çàäà÷:

Ìîäåëèðîâàíèå:

ïî çàäàííîìó âõîäó u∗[lT ]
ïîñòðîèòü îöåíêó âûõîäà îáúåêòà y∗[lT ].

Ïðîãíîçèðîâàíèå:

ïî èñòîðèè çíà÷åíèé âûõîäà y [lT ] è âõîäà u[lT ], l = −∞, t
ïîñòðîèòü îöåíêó âûõîäà y [(t + 1)T ].

Ñèíòåç ðåãóëÿòîðîâ:

Ïîñòðîåíèå îöåíêè G(e jω) äëÿ èñïîëüçîâàíèÿ êëàññè÷åñêèõ
÷àñòîòíûõ ìåòîäîâ.

Óïðàâëåíèå ïî ìèíèìóìó äèñïåðñèè: E y(t)2 → min.

Ôîðìèðîâàíèå ñïåêòðà øóìà: y = R(E )e.
Ñèíòåç ïî æåëàåìîé ïåðåäàòî÷íîé �óíêöèè.
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Ïðåäñêàçàòåëü øóìà

Íåîáõîäèìî îáðàùåíèå ìîäåëè øóìà:

v(t) = H(E )e(t) =

∞
∑

k=0

h[kT ]e[(l − k)T ],

ãäå H(E ) óñòîé÷èâà è h(0) = 1.

Òåîðåìà

Ïóñòü H(z) =
∑

∞

k=0
h(k)z−k

, 1/H(z) àíàëèòè÷íà â |z | ≥ 1,
òîãäà H(E )−1 =

∑

∞

k=0
h̃(k)z−k

,

ãäå h̃(k) âçÿòû èç ðàçëîæåíèÿ 1/H(z) =
∑

∞

k=0
h̃(k)z−k

.

Óñëîâèå îáðàòèìîñòè � îòñóòñòâèå íåóñòîé÷èâûõ íóëåé.

v(t) = e(t) +
∑

∞

k=1
h[kT ]e[(l − k)T ] = e(t) + (H(E ) − 1)e(t),

v̂(t|t − 1) = (1− H(E )−1)v(t) =
∑

∞

k=1
h̃(k)v(t − k),

Çíàåì ðàñïðåäåëåíèå v(t) ⇒ çíàåì äîâåðèòåëüíûé èíòåðâàë.
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Îáùèé âèä îäíîøàãîâîãî ïðåäñêàçàòåëÿ

Ñòðîèì ïðåäñêàçàòåëü äëÿ îáúåêòà:

y [lT ] =

∞
∑

k=1

g [kT ]u[(l − k)T ] +

∞
∑

k=0

h[kT ]e[(l − k)T ] èëè

y(t) = G (E )u(t) + H(E )e(t),

ãäå H(E ), G (E ) óñòîé÷èâû, h(0) = 1, u(t) � èçâåñòíûé âõîä, e(t) �
áåëûé øóì ñ ìîìåíòàìè (0, λ).

Ïðåäñêàçàòåëü:

v̂(t|t − 1) = (1− H(E )−1)(y(t)− G (E )u(t)),

ŷ(t|t − 1) = H(E )−1G (E )u(t) + (1− H(E )−1)y(t)

èëè

H(E )ŷ (t|t − 1) = G (E )u(t) + (H(E ) − 1)y(t).
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Âåðîÿòíîñòíûå ìîäåëè è ïðåäñêàçàòåëè

Âîçìîæíî äâà ðàâíîïðàâíûõ îïèñàíèÿ ñèñòåìû:

âåðîÿòíîñòíàÿ ìîäåëü

y(t) = G(E )u(t) + H(E )e(t),

çàäàíû �èëüòðû G(E ), H(E ) è ðàñïðåäåëåíèå fe (èëè ìîìåíòû

e(t)).
ïðåäñêàçàòåëü

ŷ(t|t − 1) = H(E )−1G(E )u(t) + [1− H(E )−1]y(t).

çàäàíû �èëüòðû G(E ), H(E ).

Ñëåäóåò âûáèðàòü áîëåå óäîáíóþ.

Ìíîãîøàãîâûå ïðåäñêàçàòåëè.

Åñëè íå ó÷èòûâàòü øóì, òî ïîëó÷àþòñÿ ñåìåéñòâà ïðåäñêàçàòåëåé.

Óïðàâëåíèÿ ñòðîèòñÿ ñ èñïîëüçîâàíèå îäíî èç �îðì îïèñàíèÿ

ñèñòåìû.
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Ëèíåéíûå ðåãðåññèè

ARX-ìîäåëü

A(E )y(t) = B(E )u(t) + e(t),

ãäå A(E ) = 1 + a1E
−1 + · · ·+ anE

−n
, B(E ) = b0 + · · ·+ bmE

−m
�

�èëüòðû ñ êîíå÷íîé èìïóëüñíîé õàðàêòåðèñòèêîé, e(t) � áåëûé øóì.

Îáîçíà÷èì θ = [a1, a2, . . . an, b1, . . . bn]
T
� âåêòîð ïàðàìåòðîâ ìîäåëè.

Ïðåäñêàçàòåëü:

ŷ(t|θ) = B(E )u(t) + [1− A(E )]y(t) = ϕt(T )θ,

ãäå ϕ(t) = [−y(t − 1), · · · − y(t − n), u(t − 1), . . . u(t −m)]T �

ðåãðåññèîííûé âåêòîð.
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Ïñåâäîëèíåéíàÿ ðåãðåññèÿ

ARMAX-ìîäåëü

A(E )y(t) = B(E )u(t) + C (E )e(t),

ãäå C (E ) = 1 + c1E
−1 + · · ·+ ckE

−n
.

Îáîçíà÷èì θ = [a1, a2, . . . an, b0, . . . bn, c1, . . . ck ]
T
� âåêòîð ïàðàìåòðîâ

ìîäåëè.

Ïðåäñêàçàòåëü:

ŷ(t|θ) = B(E )u(t)+[1−A(E )]y(t)+[C (E )−1][y(t)− ŷ(t|θ)] = ϕT (t, θ)θ,

ãäå ϕ(t) = [−y(t − 1), . . . u(t − 1), . . . u(t −m), ε(t − 1), . . . ε(t − k)]T �

ðåãðåññèîííûé âåêòîð (ε(t) = y(t)− ŷ(t|θ) � îøèáêà ïðåäñêàçàíèÿ).

17 / 18



Ìîäåëè òèïà ÷åðíîãî ÿùèêà è ìîäåëè íà îñíîâå

�èçè÷åñêîãî ïðåäñòàâëåíèÿ

Ìîäåëè òèïà ÷åðíîãî ÿùèêà: çàäàíà ñòðóêòóðà ìîäåëè,

êîý��èöèåíòû íåèçâåñòíû è íå èìåþò �èçè÷åñêîãî ñìûñëà.

Ïðèìåðû: FIR, ARX, ARMAX, ARMA è ò.ï.

Ìîäåëè îñíîâàííûå íà �èçè÷åñêèõ ìîäåëÿõ: àëãîðèòì ïîñòðîåíèÿ

1

Ïîñòðîåíèå íåïðåðûâíîé ìîäåëè ïî �èçè÷åñêèì çàêîíàì.

2

Äèñêðåòèçàöèÿ.

3

Ïðåäñêàçàòåëü: ñòðóêòóðà àíàëîãè÷íà ÷åðíîìó ÿùèêó, íî

ïàðàìåòðîâ ìîæåò áûòü ìåíüøå è îíè èìåþò �èçè÷åñêèé ñìûñë.

Ìîäåëè â ïðîñòðàíñòâå ñîñòîÿíèÿ: ïîçâîëÿþò âîññòàíàâëèâàòü

ñîñòîÿíèå. Ôèëüòð Êàëìàíà îòíîñèòñÿ ê òàêîìó òèïó ñèñòåì.
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